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ABSTRACT 


A class of stationary electromagnetic vacuum 


(5) 


fields was found by Israel and Wilson 


(6) 


and inde- 


pendently by Perjes 
(ey) 


This work as done by Israel 
and Wilson is given along with the general condi- 
tions for the absence of struts and magnetic poles 


(rs) The thesis then 


as found by Israel and Spanos 
deals with specific examples of the above fields; 
first multi-source axially symmetric Kerr-Newman 
solutions and their agreement with the general con- 
ditions for the absence of struts and magnetic poles, 
then a disk solution and finally spherical shell solu- 


tions and an outline of how one may find the interior 


Kerr-Newman solution for charge equal to mass. 
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CHAPTER 1 


INTRODUCTION 


iPaiecOontencrioLt trnesis 


According to Newtonian theory, a system of bodies 
can be held in equilibrium by a balance between electro- 
StalLLCarenpuleion eandedLavi tational attraction.1 + .threrr 


Pe 
charges ey and masses m; are related by Cunt eG “m, 


(ee) ie Lie 4 od Ce became Cleat stharethuse.S? uation 
i) 


has a simple relativistic analogue when Papapetrou 


(2) 
(3) 


work of Weyl paccbDibitedsagelasseol static, electro 


and Majumdar , independently generalizing earlier 


Magnetic vacuum fields which could be straightforwardly 


(4) 


interpreted as the exterior field of such a system. 
A natural mathematical generalization of the 

Papapetrou-Majumdar electromagnetic vacuum fields to 

the stationary case (admitting sources with arbitrary 


(3) 


angular momenta) has been given by Israel and Wilson 
and independently by Perjes ©). This work is covered in 
Chapter 2 where I follow through the discussion of 
stationary fields and the development of these "I.W.P. 
fields" as given by Israel and Wilsons? - The I.W.P. 
Gicids are,the.onlystool presently available. for learn— 


ing about the interactions between spin, gravitation 


and electromagnetism for arbitrarily strong fields, and 


atesit % gqueng 1.1 
eeibed to mosey & wytoR? fherapevet? af onicengA 
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o> = so qi igsales Sah) e aennem bie ,8 eogtetio 
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smedgezye & ne FO oie@t2 Iwtsssee@ a1) 86 ')) pos asqzesni 
ens 24 vioidesitleradép Lebtdemtaniiar fawesan A 
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‘© seeliw Bak Lasvel Yd movin, wei cen (adaemom xalvens 
fd bsseves £7 daqgw e2np . Y satias yt yleneboegebni bos 
io notzavoelif oft dpyoadts wollic? 7D ezety ft zesqed> 
4.0.1") aesdd Fo snemantove’ oid fiw aidwh? yrenoltete 
tote acti bas Loutat yo ated ke abies? 
“anhel aot etdellava Ljaspeag toes ‘eitto oa ote eblor? 
nadsnsivety imteie nberadlig” withers 293 3 


a number of detailed studies of particular solutions 
in the class have recently appeared ‘/711) | In 
Ghaptexzs 47 5 and ;6mturcheryparticular solutiensuare 
dealt with; multi-source Kerr-Newman solutions, a 
disk i solution. andrinternal) solutions. 

At first sight it appears plausible to inter- 
pPeetetherliw.h.ytrelds asSnexterior fieldssof stationary 
charged spinning sources, and this has been generally 
assumed. This simple interpretation is supported by 
i) the circumstance that the Kerr-Newman metric with 
e =m is an I.W.P. fie1a‘) and ii) its apparent con- 
sistency within the framework of linearized theory 
where it can be shown explicitly ‘+?), that the balancing 
of forces extends even to the electromagnetic and 
Gravitationalaspin-=spin. forces, aty~least)~or sources 
of Kerr-Newman type (gyromagnetic ratio 2). 

Closer examination, however, has revealed a 


je) which are discussed in Chapter 


number of anomalies 
Sue PiNapartacularathesconditionaforpwequilibraums without 
SEvUtseOLMmMagnetLeypolesvissfoundyand shown s-to,bescon; 
sistent with the results of Bonnor and Wada.’ Also 
in Chapter 4 this theoretical result is checked against 
theeexplicit metrics for the two and N source Kerr- 
Newman solutions which are found in that chapter. 


In Chapter 5,I find .a.disk solution in which 


the gravitational attraction is balanced by the 
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etectrostatic repulsion. This solution is’ found by 
following the method developed by Israel in his 


solution of a Kerr-Newman disk (14) 


> i then discuss 

a thin shell approximation and what seems to be an 
unsolvable exact thin shell to develop the formalism 
and types of manipulations necessary for the follow- 
ing chapter in which I consider the interior Kerr- 
Newman solutions for a thin shell and a thick shell. 
The final chapter also contains one possible interior 
extension of the I.W.P. fields‘), 

A large part of this thesis is devoted to in- 
terior solutions for shells composed of material with 
charge equal to mass and the physical justification 
forelookingtak such solutionseissstrasrghthorwand: efhe 
interior Kerr-Newman metric for a thin shell with charge 
equal to mass should give us some insight into the form 
of tthetmetrictforvarbitraryccharge;taiso ohne maymtest 


(15,16) j.side the shell. Inside the 


Mach's principle 
shell one should be able to find a'global:inertial frame 
fouetheashell'ssinteriornroetating with aktractionnofethe 
shebl's angular velocity. An observer inside the shell 
would then observe the usual effects associated with 
bratetion Coriolis torces; cto.) sf and only 2b thers iS a 
relative rotation between the local inertial axis and his 


frame. He’ can ascribe these effects either to the usual local 


reasons ("my reference frame is rotating relative to the 
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local inertial axis"), or he may consider himself at 
rest and the shell's rotation as generating gravita- 
tional forces on test particles which mimic Coriolis 


Forcoa ae 


If extrapolation to the case GM/c*R apeh 
is permissible, we expect a limit of complete drag, 
with the interior inertial frames rigidly locked to 


the spinning shell ort), 


Lez Notation 


In all following sections other than 2.3 rela- 
Eivrstic un2ts are used (Gr= c= 1). Latin indices 
will be used to represent a three dimensional coordin- 
ate system, in section 4.1 they run from 2 to 4 and 
throughout the rest °of theythesis they run from 1 to 
3. Greek indices will run from 1 to 4. The index 4 
refers to the time coordinate and the indices l1 to 3 
refer to arbitrary spatial coordinates. The summation 
convention is used throughout, except in equations 
where a summation sign appears. All terms with a bar 
over them are given with respect to a three dimensional 


Space. 
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CHAPTER 2 


de aUN «ues FiELps ‘?? 


2. eobealLOnarveniealds 
Tne Metrieror “any ayoitrary stationary field can 


be expressed in the form 


ae 


g dx¥axY 
vay) 


col 


- Meer) m 4 2 
Sano ax - £ (wax + dx”) (2215) 


in which t, coe and w,, are independent of the time co- 
ordinate x4 and the three-vector Wy LS sarbutrany up. co 


an additive gradient corresponding to the possibility 


of making time translations. The inverse of cA is given 
by 
(ia ire es 3 —¢gmn ae 2 2£u" . = i 
gab (oxy a, 00x ax 0% 
2 
= ee ay 2a 2) 
(ax ) 


where is io) Siew eles VuMeLELCaatlLin LnivVerse) tO Se 


le gy ee me oh os Wae The determinants of a 


and She are related by 


aah atest ae! (2.3) 


From the 3-vector Wn wesGan derive an invariant “torsion 


vector" 
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in terms of a three dimensional vector calculus employ- 
- Wo saeg : 
ing Sano* Gx as ibaseemetric. 


Now consider a stationary electromagnetic field 


ea - 
LV oat ° oy 
in the space time (2.1). Therefore we may write 
Fan z on 4 - onan 


and the condition of time independence, ay = 0, yields 


34 


for the "electric" components 


2 ee en (25.5) 
The source-free Maxwell equations 

gL (-g) * Pat RUD. 0 (256) 
for wt = m give 

Pica ‘ea D = 0 
and thus the "magnetic" components 

Cece EES HET (257) 
in terms of a magnetic scalar potential ?. All remain- 


ing components are then conveniently expressed in terms 


of these six; for example 
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leaves the metric invariant and induces a constant 


duality rotation of the electromagnetic field, 
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The I.W.P. "result can now be “stated as “follows: 
the Einstein-Maxwell tield described by (2.25) and 
(2.26) is an electromagnetic vacuum field (i.e. locally 


free of charge and material sources) if y2u = 0. 
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CHAPTER 3 


EQUILIBRIUM IN AN I.W.P. FIELD 


Se ilF  Dit£iculties®encounteredewith the Solution 
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a restriction Bonnor and Ward were unable to interpret 
physically. When this condition is not satisfied the 

metric may be made non-singular on the axis either for 
|z| >b or |z| <b by a suitable choice of K but not for 


Both. “With the ‘choice 
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Unless, the field is static (U*= U), equilibrium-is 
generally impossible. 


3.2 How these Difficulties are Biweonee 


The Wald paradox may be overcome by introducing 
Magnetic charge u to the test particle. The equations 


of motion 


7 B Hu 
str exc nox is (er Ha utp bag 
Ss u u 


a8 ds ds 

reduce for a stationary particle to 
2 : 

my (£*) = Re{(e-ipn)v(u-+)} 


lL, 
and are satisfied if e - ip = m(U/U*)*%. (325) 
This example illustrates that the possibility of 
magnetic poles is a factor to be reckoned with in the 


study of stationary interactions of spinning charges. 


When a 2-surface s encloses sources we have pay ‘ ani ME shake! 
, 


F + F + F = 0 since we have an electro- 
AUrv VATU Uv,A 


magnetic vacuum field. Thus 


Au = pAu + jTpAu = 0 
F ru ru ru 
and Lor, — =4 wevnave 
4a y 
Se a0 


therefore 


oa ; 7 — ~ a 
“— 86: * 7 — - 


a ea aes 
: ss sein a xin 
: 7 o.,. ae ae 

_ - 7 a 
- 7 akee 


_ a 


en, sOTIGVANVO GA Niner ee pasds a - 


- 
ots ssh) 3 1.8 yc uUnMnoetavo as yam %ouhar6g SiawW . 


_ 7 7s - _ _ oe 
eqoiveupe snl. .alpisitag 2280 eas oF u Ope slsenpe 7 


-re » 


i , Regt Kaa, (cae 2 
“Sp $i5 4 od = ae | 
ut wloidseg: yiane isnt s 2. sous 
a a 
i ti-a@\us- 5s} 4en = aye aw 
A - ; — a 
yest) _ a —PNU)e.= af =o 12 oekieises ane hen : 


to yt idianng oft Seat aeses yells otevheke omer: 7 


an 
.@epreds pittnatee mm, eAurToi real, Camios sede to yoo 


7 ae 

bea 0 « “3 sve oe Banas aecatana a sodtusens. 2 nett 
va ve x Brae 7 ae: 

=a(ik ens ne ated ow onthe 4 ‘= otoe® a a 
a ae sail "0 ; 

| T biel) chsosy. site 


wie ¢* d410. Dent sn od oS. 1OIDER! = al ‘estes ‘elzaat 


7 : ; - 7 


18 


ag)? ee 7 
J catg!® . av = 0 
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which may be rewritten 


| (-g)* g/4n!as = | (-g)? g""n_as : 


A S5 


5 encloses Sy with a 


volume V between the two surfaces, ie is the outward 


Here Sy encloses the source, s 


normal on Sy) and aS is used to represent both the 


outward normal on S5 and the inward normal on Si: The 


electromagnetic vacuum equations thus require only 


that the complex flux integral 


GO) + 16 ele says g*n_ds 
el mag a 


Ss 


- | (VU* - i curl u-tw) .nds (326) 
Ss 


must be invariant under continuous deformations of the 


closed 2-surface s in the exterior space, not that mag 


must vanish when s encloses sources. 


EoD a Single source tele: can be trivially reduced 


to zero by a constant duality rotation; if there is more 


than one source, mag = 0 imposes non-trivial Constraints 


which (in the case where Uru is regular on s) yield 
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OF x. 
Ural 2 VU* -nds 
a i * 
3 ol 49 
= -[m Mees tye TESTI y ds 
Ss 
= 4a ay 


and essentially require that the monopole moments qn 


in any spherical harmonic expansion HoH Cia 


lite 
should be real. 

These considerations on magnetic flux of course 
have no bearing on the question whether the exterior 
geometry is non-singular. For this, a necessary con- 
dition appears to be the regularity of the gravomagnetic 


C7) 


potential W. (Hartle and Hawking have shown that 
Singularities of w generally entail geometrical singu- 
Laneoies+of ‘the charged N.U.T.a type. ) Assuming «the 
regularity of w in the exterior region, applying Stokes 


theorem to an exterior 2-surface, and recalling (2.24) 


we. obtain the vanishing.of the “gravomagnetic £lux% 


| (U*¥VU - UVU*)-nds = 0 (237) 
Ss 
as a necessary condition for the regularity of the 
exterior geometry. If U itself is regular and non- 
vanishing in the exterior region, then the conditions 


(3.7). (for an arbitrary exterior closed surface) are 


Alco sutfticient for regularity. 
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If s encloses a single body B (complex potential 
Ups [ahaa at infinity) in an external field with 


potential Up (U,, > 0 aewintinioyjee (327) ylelds 


oe = 
(U,VU, = URVU,) -nds oF 


(infinity) 
«2 Zak 
| (U,V Up - U,V U,) dv = (6) (3.8) 
B 
: 2 4 P) : ; 
Since VY U, = 0 outside s and V Up = 0 inside s. The 


surface integral is just the imaginary part of the 


monopole component q of U Foran solated body, (3.3) 


BS 
requires this to vanish. In the presence of external 
bodies, (3.8) determines the imaginary part of q needed 
to ensure equilibrium without geometrical singularities. 
We conclude that any coniiguration of I.W.P. 
sources having arbitrary masses and angular momenta 
can be held in equilibrium without external struts. 
Normally, however, this will require each body to carry 
Magnetic’ charge. Lf the exterior geometry is regular, 


(3.6) shows thavuscne @leacgtric sand magneric charges e, 


i On a Source B are given by 
e-iv= - i VU enGs. =e a. So) 
AT Bis 


In the case of the Bonnor-Ward solution, equation 
(3.8) reduces (for real qn) precisely to (3.3), which is 
therefore the condition for achieving equilibrium with- 


out the aid of struts or magnetic poles. 
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CHAPTER 4 


KERR-NEWMAN SOURCES 


4. Equrlibrium 


For a Kerr-Newman source 


we 


a 
Un=1+aql(r-r,) ] (ay rp complex) v4.1) 


im an external field, (3.8) yields a rigorous analogue 


og (325) 


ee creer Fie Eek * 
q*-q=quU,(r,) - qeu,(re) (4,2) 


Equilibrium without magnetic poles is thus possible for 


configurations in which 


u* (xr 


p (fp) = Uae : >) 


For a system of two Kerr-Newman sources A, B this is 


equivalent to 


da ie oe 2 ile (4.4) 
* B Hoe 2 
[(rgp-r,) 1 [(r,- xr) 0] 


where rp = be + id, Ce =A Bs olds is the position 
vector and a, is the angular momentum per unit mass 


: 2 2 
ef partiele 6.4, Since ages) and (pra are 
complex the equation (4.4) tells us that they are equal, 
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Therefore the condition for two Kerr-Newman sources to 
be heldy rn equilibrium witnout the ard of struts or 


poles pg 28) 


(b,- b,)+ (apt aa) = 0. Seen 


For a system of N Kerr-Newman sources (4.3) 


becomes the N equations, 


N q N g 
A 
y A sz =} - _ (B=1,...,N) 
rE Cea \2 A= a) ]}2 
AZB ao oi A#B Paap (4.6) 
and thus 
N q 
Im ) ——*+p=0. (4.7) 
A=1 L(ctere) je 
AAB 2” 


In the case where the particles all lie on a common 
axis with parallel angular momenta oriented along the 


common axis (4.7) becomes 


N 
\ -q,¢(A-.B) Aya = 0 (4.8) 
ai A AB 
where 
By. or ©) 
A B 
AaR = atice Teltaieon Zou Ds 
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ab Le A-B> 0 

Gi Fi abs eis 0 if A-B=0 
-l ape A-B <0 : 

(11) 


4.2 A Solution’ for Two Sources 


When we set 


u=14+42 where R° = (r=r,)? = Rae (aa) 


equations (2324), U2 425).Band! (2.26) yield the charged 
Kerr-Newman solution with a os m? (>) where e and m 
are the charge and mass respectively. 

If we consider an axisymmetric generalization 


representing two Kerr-Newman sources with spins aligned 


along the connecting line, we then set 


2 dn 
te AS ee (4.9) 
A=1 “A 
Bee 2 Coe oe eee 2 2a _4,A ; 2 
where A eae eee a ea + Yo and Zn = (z+ (-1) b+ la,) : 
Thus in the Euclidean map we have source A located on 


+1 


the z-axis at the position (ape b, with angular momen- 


: 2 eae 
tum per Unie Mass “Aan, My = Cy where My and e, are the 
mass and charge of particle A respectively and the 


charges have the same sign. 


A special case of this solution has been found 


by Parker, Ruffini and Wilkins in which q, = 25 and 
(8) 
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Due to the axial symmetry we have 


se waeo (4.10) 


where 4 is a covariant component and the angle 9 is 
measured in the x-y plane. Applying Stokes theorem 
on an annulus of constant Zz concentric with the axis 


and of infinite outer radius we obtain: 


a 
7 es | curl w.n ds 
* 
Sin | u dio) from (2.24) (4.11) 


where by an appropriate choice of the additive constant 
we may fix the additive gradient such that w tends to 
zero aS op approaches infinity. This solution must also 


beconsrstent with 


dW x 
eae ae ues 4.12 
= Zou U Ve (AD } 


which comes directly from (2.24) also. 


Upon integration one obtains 


ae CONZ) Ss (4.13) 


Substituting (4.4), (4210) and (4.13) into (2.25) sand 
(2226) we obtain thejscolution of the Einstein-Maxwell 


2 2 
equations for two charged Kerr-Newman sources with en = My 


and sign als sign(e,). 
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where 
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een ED 
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ReeeB A 
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a? 
ont at L_ Inde (Gap - Gp) 
2 2 Oe ee 
n A“B 
Hh te SCR ater : (4.16) 
ei BAN (aa = a gle 


and using this form of the second term in equation (4.13) 


we compute Ono z and compare the result with equation 
(47,02) 7ewhich gives that the constant of integration. 1s 
independent of TELS 


Regularity on the z-axis requires our solution to 


satisfy 
One) asta he (CARs) 
where K ao a constant. Erom<-(4.13) we obtain 
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BAA 
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and setting the first term in equation (4.18) equal to 


zero is equivalent to the general condition for the 


absence of struts and poles. Then 
2 
2 4q 
i =me) = + C 
A=1 A 


2 

2 q 
Cr, — 
RNs en 


we have w, going to zero on the z axis and as p approaches 


v 
PWC ni cy . 
From (4.13) we have that 7 LS an analytic: function 
of oe 
dW 
ari ee (4.19) 


which, with the above choice of C, combines with the 
previous result to yield a more restrictive condition 
for regularity, that W 6 approach Zero Laster thal 6. 

fr One secs ce Bar los nhemes and considers two 
redundant sets of oblate spheroidal coordinates cen- 
(34) 


tered at each of the sources then apart from a sign 


may be transformed into the form obtained by Parker, 


(8) | 


Ww 
$ 
Ruffini and Wilkins 

As checks on the metric it may be easily veri- 


fied that Wy vanishes in the limit as ay and ay 


approach zero and if we fix source one at the origin 
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and let source stwo go off to infinity one finds 


a eee 
(qy - 2a,7)) a, sin’6, 


(4226) 
(x) - q,)? + a4 cos“6, 


which is the solution for a single Kerr-Newman source 


2 2 : : 
with ec, =eM) and angular momentum per unit mass directed 


(2) 


along the 2 axis 


4.3 A Solution for N Kerr-Newman Sources 


If we now consider the generalization of the 
solution in 4.2 to that of N Kerr-Newman sources with 


Spins aligned along the connecting line, we then set 


N qn 
oP > hos ) pa (A702 45) 
A=1 A 
Caen Z . eee Z 2 2 
where ecg le ay tree Thay and Zn, = (z+b, + ia,) : 


Thus in the Euclidean map we now have source A located 
on the z-axis at the position “by, with angular momen- 


. 2 eee 
tum per unit mass —a,, M, = €, and the charges have the 
same sign. 


Substituting (4.19)) into: (4.11) and integrating 


one obtains 


* * 
1 ae Oe 4 N N fe) + 2,2 
i =s 2 om : ee SF ) ) DAUR re ee +l 0s 


* 
Wy) A=1 ae A=) B=1 (Z,-2,)R,R, 


(a 22) 
(See Appendix A), 


Substituting (4.21), (4.10) and (4.22) into (2.25) and 


(2.26) we obtain the solution of the Einstein-Maxwell 
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equations for N charged Kerr-Newman sources with 
2 : 
e, = m, and sign (Cl Sign (e,) MAS ae oD esr Ny © 


From equation (4.22) we obtain 


2 
aa ae Tadp (a, + ag) 1 NER 
1072) a.) a: we ew atin ee ae 
A=l1 B=1 (b,-b,) + (a, tap) AB A=1 A 
BAA 
(4.23) 
where €, are as defined previously. It seems obvious 


A 


that we should expect the following generalization of 


the wo source’ solution, that 
2 
N q 
eae ee ae a 
A=1 
and that the first term should be equivalent to the 
general condition for the absence of struts and poles 


in this N "source alignment, "“Phistin “fact tuune gout 


to be exactly what happens. (See Appendix A). 
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CHAPTER 5 


SHELL SOLUTIONS 


Det, Boundary Conditions 


If we have a shell, ), we may define the co- 
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The disk is thus composed of material having 
proper surface density o and rotating with a velocity 
Us” The geodesics on the surface of the disk are 
circles and thus there is no radial tension on the 
disk, which may be seen by the fact that the S32 terms 
of the surface energy momentum tensor are zero. 
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543° A Spherical Shell Approximation 


In this, section I work out the external and 
internal metric to second order in angular momentum 
for a spherical shell with an external metric calculated 
from the first order approximation in angular momentum 
of U for a Kerr-Newman source. 
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If we now define, for the internal metric, 
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we obtain the internal metric. 
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In this section I shall set up the boundary con- 
ditions for the exact internal metric for a spherical 
shell with an external metric calculated from the first 
order approximation in angular momentum of U for a Kerr- 
Newman source. 


Thus we have 
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One may easily verify that the solution must be an 
intinite series by terminating 1 at some ©, we then 
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We now wish to calculate the A's from the 
boundary conditions (5.3). SUDSELCULING  (oso7) and 


(5.39) into (5.4) we obtain 
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Now for simplicity I will introduce Clebsch- 
Gordan coefficients in order to rewrite the texms with 


products of Legendre Polynomials in the boundary condi- 
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The boundary conditions (5.41) may now be written as 


_ 7 : om 


eae eA |, SAE 
(Se09) “sivas git aged itl, 


(ih, 2) Sed ee 
o é 
7 7 ee 
x reason mae) D8 ted i 2 iprsie 


| learns é 
» (@ae>) peng oar?) 2g8 8 + 
“Goedel: 7) suuhosipd Lhe F: yiliniiqgauin tal wat | 
dvie ettuss sift aa baie at 16h2a0 ol =tneisd? tea nad'109 
«Liman yrebaued ottf ai eleimpiyict srbasgod Io. seaouberg 
1a) ved ew aunt ofp inotes lod sihwapel Iv @eizae é6 enol? 


nem : 
, YY 
| wae 
cevs pS Lt (ep) (reid (ip) dap eaten 2” grea, PR ys) ae 
> : 
Bho gs Agno 


basa ,d*cem = ps erete 


43 


a 
7? ee 7 P.. (cos@) 


00 fore) + 
ae 2 (m+n) 


= Ney Nea Cc oaee (cosé) 
me eo sly 2m 2n Zi pene Keak 
mtn+1 
2 (m+n+1) 
aa 
oy 5 Comet, 2ntl; 2k 2k One? 
fore) co mtn 


2(2+2) 42 P, (cose) =2 F fF JF (2(m-n)-1) x 
R n=0 m=0 k=0 


2 (m+n) 


R é: 


x (cos@) 


Bom ont! nade ome keeL 2a 


and equating the coefficients of the Legendre Polynomials 


we obtain 


ta 2.2 
2 

y Pane TCs, ae lt =) + a Ss 
m=0 ™ oa 3R 

5 2m ox q) ga 

) ee mee Ctl mz igre R? 3 
m=0 R 

PO 3 (el) Parcel 2 g*a 

) ee mri oho sya) = cho gee! 
m=0 R 

. 2 (m+1) 2 (m+1) _ 
uh eae 2 melee | neo meee 0 

te 3 2 (m+k) 2 (m+k) 

ees Cmte nee Ce ks ek 
m=0 

2 (m+k ) _ 
eed eee Cr mig ok = ee 

ie 2 (m+k) 2 (m+k) 

La (Ae atk el revi mek PIG oki.) mime mich 2 : 
m= 

2 (m+k) or 
ee rece FoR | Ce mn ee Cn mt 2kt+1;2kH! 


ry firm) S P 4 
WOOD) ee Tey Leas, dren” ? “h* 


arn rr * - : 
~ (i=(omm) Ss) 2 4 { = \ bee) oF Grays _ 


OA Oem er 


(2eem)'S, hs 
(0809) (ye ranean, ene hiss as* ™ 


elstmonyls? axBaeped eis 26 agneiortises ats gpnigeupe Baa 


nissdo ew 
ns a. 
or 2 F Fa} omen” SAA she 


a tS + SI © fem, te RA 


ae (Lemnit {tsp & m OF - 
¥y * corte dt” Te ehgl Ys <i, fan” a teal? oie: 7 . 
7 
* 


eben) S = (hin) 
7 ‘es <t4m hk” to cen * ‘€¢Sem, (4a Hesabreht oh 
> 
i 


giana a+ 
a2 fedem, [A401 


This system of equations specifies the coefficients. 


A, exactly however appears to be unsolvable, 
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CHAPTER 6 


THE INTERNAL KERR-NEWMAN SOLUTION 


o.L TheOThin Shell Solution 


I wish to now explain a method by which the inter- 


nal Kerr-Newman metric with charge equal to mass of an 
infinitely thin shell may be worked out. 


We have 
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Now we wish to solve for the coefficients AL. This may 
be done by taking successively higher order approxima- 
tions in angular momentum per unit mass and solving for 
the A, in each case until we are able to find their 
values for an arbitrary order of angular momentum per 
unit mass, k say. We then take the limit as k goes to 
mranity and Obtain the exact form ok the coefficients 
As This procedure may be carried out as follows: 
First equating <coerrticients of P, (cos®) and using pro- 


perties of Clebsch-Gordan coefficients we obtain 
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After this point the equations for the coefficients 
become” too complicated tor solve explicitly. Thus from 


these approximations one must guess what the general 


(k) looks like and how a 


(k) 


term A may be written as a 


function of AG and then check these guesses in the 
higher order equations. 


Once the general coefficients are found then 


we have w, given by 
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SUbstitucing (6.3) sand =(6.4) into (2.25)° and: (2.26)- we 
obtain the interior Kerr-Newman solution for charge = 


mass. 
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6.2 An Interior Extension of the I.W.P. Fields)" 
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For a more complete understanding one would like 
to examine the interior (i.e. non-vacuum) extension of 
the T.W.P. field. Such an extension jis, of course, 
not unique. Here is presented one possible extension 
which is mathematically simple but has the disadvantage 
of requiring nonvanishing magnetic charge density. 

het p(x;y,2) be an arbitrary real function, ana 


U(%7V.24)e_ complex Solution of 


V-U = —470U . (B.D) 


Since |U satisives (2 44), the.L.W.P a prescription (eqs. 
2.24- 2.26) for generating a metric and an electromag- 
netic field can be carried through exactly as before. 


We now obtain, for the electric and magnetic currents, 
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and the Einstein field equations ) yield 
pb = tpy%y® (6.7) 


for the material energy tensor (i.e. the contribution 

of the electromagnetic field has been subtracted out). 
The interior extension therefore represents a 

static distribution of dually charged dust. The source 


of angular momentum is the circulating poynting vector 
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arising from the crossed electric and magnetic fields. 
The static counterpart has been previously given by 
Das a The question*whether*ether, more "physical" 
sources, free of magnetic charge, can be constructed 
for the 1-WePewiilelds @et, least 4n certain anstences) 
has been settled in the affirmative for a single Kerr- 


Newman eee 


6.3292 Phick Shell. Solwvtion 


In this section I will show how one may match 
a given external solution to a given internal solution 
across a thick spherical shell by specifying the metric 
within the shell. In specific I develop the method 
by which one may match the external Kerr-Newman solu- 


tion, where 
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to the interior solution calculated from 
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Here Ry is the inner radius of the shell and Ry is the 


outer radius. 
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Solution of (6.5) and satisfies the boundary conditions 
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conditions on two surfaces instead of one surface as 

in section 6.1. The solution however carries through 
in the same manner outlined in section 6.1, however 
upon writing out the boundary conditions one may verify 
that -a solutron! exists iviithoutractual ly tsolving For .it. 
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APPENDIX A 


THE CALCULATION OF 2S IN SECTION 4.3 AND A CHECK OF ITS 
CONSISTENCY WITH THE GENERAL CONDITION FOR THE ABSENCE 


OF STRUTS AND MAGNETIC POLES 


From (4.11) and (4.21) we have 
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which is the general condition for the absence of struts 


and magnetic poles. 
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APPENDIX B 


THE MASS DENSITY AND VELOCITY OF ROTATION 


OF THE DISK SOQLULPION IN SECTION 5.2 


Eromethe relations (5.20)) we’ have 
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